We consider the transfer of lattice wave packets through a tilted discrete breather (TDB) in opposite directions in the discrete nonlinear Schrödinger model with asymmetric defects, which may be realized as a Bose-Einstein condensate trapped in a deep optical lattice, or as optical beams in a waveguide array. A unidirectional transport mode is found, in which the incident wave packets, whose energy belongs to a certain interval between full reflection and full passage regions, pass the TDB only in one direction, while, in the absence of the TDB, the same lattice admits bi-directional propagation. The operation of this mode is accurately explained by an analytical consideration of the respective energy barriers. The results suggest that the TDB may emulate the unidirectional propagation of atomic and optical beams in various settings. In the case of the passage of the incident wave packet, the scattering TDB typically shifts by one lattice unit in the direction from which the wave packet arrives, which is an example of the tractor-beam effect, provided by the same system, in addition to the rectification of incident waves.
I. INTRODUCTION
Time-periodic spatially localized excitations, called discrete breathers (DBs) [1] [2] [3] , are supported by diverse nonlinear lattice media, such as arrays of micromechanical cantilevers [4] , coupled Josephson junctions [5, 6] and optical waveguides [7] [8] [9] [10] (in the latter case, the evolution variable is not time but the propagation distance), antiferromagnets [11, 12] , Bose-Einstein condensates (BECs) [13] [14] [15] and Tonks-Girardeau [16] or superfluid fermionic [17] gases fragmented and trapped in deep optical lattices (OLs), as well as some dissipative systems [18, 19] . DBs provide means for energy concentration and transport in waveguides [2] , polaronic materials [20] , long biological molecules [21] , and other settings [3] .
DBs may represent attractors in dissipative systems [2, 22, 23] and self-trapped localized stationary modes in conservative nonlinear lattices [24] [25] [26] (we keep acronym DB in those stationary states too, although a more appropriate name for them may be merely discrete solitons, as they do not feature breathing dynamics). Collisions of moving solitons or phonons (linear wave packets) with stationary DBs were studied too [25] [26] [27] [28] . It was found that, if the amplitude of the incident soliton is too small, it bounces back from the DB. Beyond a specific threshold amplitude, a part of the norm of the incident solitary Previous works were mainly dealing with symmetric DBs in perfect lattices, the corresponding transfer mechanism being symmetric with respect to the direction of motion of the incident excitation. On the other hand, unidirectional propagation of waves in specially devised systems has drawn much attention too (see Ref. [34] , and references therein). In particular, it was experimentally demonstrated that a periodically poled waveguide may serve as an optical diode [35] . Further, it was predicted that a combination of a Bragg grating with a periodic lattice built of gain and loss elements [36] , as well as a periodically structured metamaterial [37] , a chain of driven ultracold atoms [38] , and chains of coupled microcavities [39] may give rise to nonreciprocal light transmission. Starting from early work [40] , it was also demonstrated theoretically that photonic crystals (PCs) with edge modes [41] , PCs with built-in periodic lattices of defects [42] , second-harmonic-generating PCs [43] , and quasiperiodic PCs [44] , may produce a similar effect. Other theoretically predicted and experimentally realized possibilities for the unidirectional light transmission are offered by PT -symmetric photonic lattices [45] . Asymmetric propagation of microwaves [46] and electric signals [47] was observed, respectively, in appropriately built electromagnetic crystals and electric transmission lines.
Realistic lattices always contain imperfections (defects). In many cases, they dramatically affect the prop-erties of lattices carrying onsite nonlinearities, resulting in a number of new phenomena, such as Anderson localization [48, 49] , intraband discrete breathers [50] , and the disorder-induced Bose-glass phase [51] . The influence of disorder on the lattice transport was widely investigated too. It was demonstrated, in various settings, that the interplay of the disorder with self-defocusing nonlinearity may replace the localization by subdiffusion [52] . More subtle dynamical regimes, represented by infinitedimensional Kolmogorov-Arnold-Moser tori, are possible too [53] .
Unlike those works, our subject here is modification of the lattice transport by DBs pinned to local defects. In particular, if defects have an asymmetric shape, they asymmetrically deform pinned lattice solitons (alias discrete breathers) [50] , making them tilted discrete breathers (TDBs). In this work, we consider a one-dimensional discrete nonlinear Schrödinger (DNLS) model with asymmetric defects and demonstrate that, while the underlying lattice admits bidirectional transmission of linear waves, the transmission may be made nonreciprocal for waves hitting a pinned TDB from opposite directions. As a result, we find a "diodelike" transport mode, where the incident wave packets can pass through the TDB only in one direction, provided that the packet's energy falls into an appropriate interval between cases of full reflection and full passage (for small and large energies, respectively). Thus, while a localized asymmetric defect cannot directly induce the unidirectional transmission, it may create such a regime with the help of the pinned TDB. This is possible because the scattering of waves on a soliton in a nonlinear system is essentially different from the scattering on a defect in the linear counterpart of the same system. In particular, the nonlinearity gives rise to the interaction of the wave with its own complex-conjugate counterpart, which does not happen in the linear limit. The diode mode can be controlled by varying parameters of the underlying defect, as well as the amplitude (i.e., energy) of the pinned TDB.
The paper is organized as follows. In Sec. II, we introduce the model and produce tilted discrete breathers for dilute gases of bosonic atoms trapped in the deep OL. Unidirectional transport of wave packets through the TDBs is reported in Sec. III. Conclusions are presented in Sec. IV. Additional technical details and limit cases are presented in the Appendix.
II. THE MODEL AND TILTED DISCRETE BREATHERS
We start by taking the Bose-Hubbard Hamiltonian, which is the basic model that captures the dynamics of a dilute gas of bosonic atoms in the deep OL. In the meanfield approximation, the Hamiltonian for the disordered OL is [54, 55] 
where n = 1, . . . , M is the discrete coordinate of lattice sites, ψ n is the on-site wave function, J is the amplitude of the inter-site hopping, and c.c. stands for the complex conjugate. Further, U = 4π 2 a s V d /m is the strength of the collisional on-site interactions, where V d is the effective mode volume of each site, m is the atomic mass, and a s is the s-wave atomic scattering length. We consider repulsive interactions, with a s > 0. Lastly, ε n is on-site energy which accounts for the disorder.
The scaled DNLS equation following from Hamiltonian (1) is
with the normalization defined by λ ≡ U/J and t ≡ JT , where T is time measured in physical units. Additional rescaling makes it possible to fix the nonlinearity coefficient, which is set below to be λ = 3, unless stated otherwise. Equation (2) conserves Hamiltonian (1) and the total norm, M n=1 |ψ n | 2 . In addition to BEC, Eq. (2) applies to the light propagation in arrays of nonlinear optical waveguides [7, 9] , with t replaced by the propagation distance (z), λ being the effective Kerr coefficient, and the inter-site coupling coefficient normalized to be 1. In this case, −ε n is proportional to deviation of the local refractive index from its average value, and ψ n (z) is the on-site amplitude of the electromagnetic wave in the spatial domain.
The transport of excitations through the DB is mainly determined by the dynamics at three sites on which a narrow DB is located. Therefore, we first address the trimer model (M = 3) with system (2) truncated to
subject to normalization 3 n=1 |ψ n | 2 = 1. First, DB solutions are looked for as
with real amplitudes A n and chemical potential µ (in optics, −µ is the propagation constant). Localized (selftrapped) discrete modes in the system with the repulsive on-site nonlinearity can be found in the staggered form, i.e., with alternating signs of the amplitudes at adjacent sites [3] , (written so as to comply with the normalization condition). Then, the substitution of Eq. (4) into Eq. (3) for ψ 2 yields
As ε 2 can be absorbed into a shift of µ in Eq. (6), we set ε 2 = 0 below. Two remaining equations for ψ 1,3 in Eq. (3) are
where µ is eliminated with the help of Eq. (6) .
From Eq. (7), one can obtain different types of stationary solutions. For the symmetric configuration with ε 1 = ε 3 , the stationary states correspond to ordinary symmetric DBs, which have been investigated in detail, including their formation [25, 26] and transport properties [27, 28, 56] . On the other hand, the setting with ε 1 = ε 3 gives rise to TDB, as schematically shown in the middle part of Fig. 1 , where n c −1, n c , and n c +1 may be regarded as 1, 2, and 3, respectively, in the trimer model.
Here, our aim is to investigate the transport of lattice waves through the TDB, for the wave packets arriving from the opposite directions (see Fig. 1 ). To this end, we consider the system's Hamiltonian for configurations taken in the form of Eqs. (4) and (5), which must be taken with the opposite overall sign, due to the abovementioned staggering transformation:
The effect of ε n on the Hamiltonian, considered as a function of A 1 and A 3 , is shown in Figs. 2(a)-2(c) , which exhibits three minima separated by two saddle points SP1 and SP2. The minima refer to the DBs, whose structure is displayed in Figs. 2(d)-2(f) (the trimer model per se was studied in detail in Ref. [50] ). Analytical solutions for SP1, SP2, and DB can be obtained from Eq. in the limit of large λ and ε 1 , ε 3 → 0. Similar to the results of Ref. [50] , the respective energies of SP1 and SP2, E thr1,2 , which play the role of thresholds for the perturbed dynamics of the trimer (see below), are
In the case of ε 1 = ε 3 = 0, which corresponds to Fig.  2(b) , the discrete solitons corresponding to SP1, SP2, and the DB are symmetric, as shown in Fig. 2(e) . On the other hand, the asymmetric setting, with
with ε 1 = −0.7, is represented by Fig. 2(a) . In this case, the discrete soliton becomes a TDB, as shown in Fig.  2(d) , where the norm (alias power, in terms of optics) localized at site 1 is smaller than in the symmetric case. SP2 remains nearly the same as in the symmetric case, while SP1 moves away from the TDB. The relationship between energy thresholds in this case is E thr1 > E thr2 . Similarly, we set ε 3 = 0 and ε 1 = 0.7 > 0 in Fig. 2(c) , which again gives rise to a TDB, with the norm (power) at site 1 larger than that in the symmetric case, see SP1 moves towards the TDB, and the relationship between the energy thresholds is E thr1 < E thr2 . Note that, in the limit of ε 1 → −∞, SP1 will disappear and value E thr1 cannot be reached, as shown in Fig. 8(a) in the Appendix.
III. UNIDIRECTIONAL TRANSPORT OF WAVE PACKETS
To study the transport of matter waves through the TDB in opposite directions, we first consider the incident wave coming from the right. In terms of the natural representation, ψ n (t) = A n e iθn , where A n and θ n are amplitudes and phases at site n, the corresponding initial conditions for the trimer approximation may be considered as the stationary TDB disturbed at site 3:
with A 2 = − 1 − |ψ 1 | 2 − |ψ 3 | 2 , perturbation amplitude δA 3 added at site 3, and the corresponding phase δθ. The resulting evolution of the trimer system, initiated by the perturbation, is shown by black trajectories in Fig. 3 for fixed λ = 3, ε 1 = −0.5, and ε 3 = 0, so that E thr1 = −1.01787 > E thr2 = −1.29859. If the perturbation is small, the total energy of the system, H, remains smaller than E thr2 , hence the orbit is not able to climb over saddle point SP2, while the TDB remains stable. That is, for this case nothing is transferred to site 1, as shown in Fig. 3(a) . If the perturbation is large, so that H > E thr2 , the orbit can pass saddle point SP2, and a part of the norm (power) is transferred to site 1, as shown in Fig. 3(b) .
If the incident wave comes from the left, it can be considered as the perturbation added to the stationary TDB at site 1. Then, one arrives at similar conclusions. First, if the perturbation is small, no transport takes place, as shown in Fig. 3(c) . Next, if the perturbation is large, leading to H > E thr1 , a part of the norm (power) is transferred to site 3, as shown in Fig. 3(d) .
Note that in Figs. 3(b) and 3(c) we have chosen identical initial conditions, i.e., there are the same energies of the TDB, H, and the same incident excitations, coming from the opposite directions. Thus, it follows from the above considerations that, in the intermediate case,
the transport from one side to the other can take place in Fig. 3(b) , while it is forbidden in Fig. 3(c) . In other words, the same incident wave can pass from right to left, but not in the opposite direction, which implies nonreciprocal transmission. Next, we have performed systematic simulations of the transport of the incident waves in the full extended lattice of size M = 101 with the embedded TDB. The first typical example is displayed in Fig. 4 , where the incident waves arrive from the left or right to collide with the TDB, as shown in Figs. 4(c) and 4(d) , respectively. Fig. 4 where the effective nonlinearity of the incident pulses is stronger by a factor ≈ 3). The TDB is located, essentially, at sites 50, 51, and 52. The amplitudes of the incident excitations are A1 = A4 = 0.16 and A2 = A3 = 0.32. In all the cases, λ = 2.5, εn = 0, except for ε50 = −0.8, ε52 = 0.5.
Initially, the TDB is taken in the stationary form predicted by the trimer model, the respective energy thresholds being E thr1 = −1.14325 and E thr2 = −1.30276, with λ = 3, ε 1 = −0.3, ε 3 = 0, and H TDB = −1.6573. The initial condition for the incident wave packet was set on four sites of the lattice, ψ in (t) = {A n e iθn , n = 1, 2, 3, 4}, with phase shifts corresponding to the staggered ansatz, A n A n+1 cos θ n,n+1 = 0.39743, hence the total energy, including the TDB and the incident wave, is
The most interesting case for the simulations is
as Eq. (13) Note that, as seen in Fig. 4(b) , the impact of the incident packet which passes the TDB leads to a shift of the TDB by one site in the direction from which the packet has arrived. The shift actually takes place against the lattice-potential slope, as seen from Eq. (11). The shift, which is explained by the mutual nonlinear attraction between the incident and pinned modes, is, as a matter of fact, a manifestation of the tractor-beam effect, that has recently drawn much interest in optics [57] . On the other hand, Fig. 4(a) shows that the reflected wave packet does not shift the pinned TDB, which is explained by the balance of the attraction and recoil effects.
If the lattice contains only isolated defects embedded into a regular host medium, the shifts produced by single or multiple scatterings of wave packets may draw the TDB into a uniform section, where the diode effect will disappear. On the other hand, if the lattice is built as a chain of defects of type (11), i.e., weak asymmetry is present at each site, the diode and tractor-beam effects may possibly persist in multiple collisions of incident wave packets with the TDB, until the gradually drifting TDB will hit the edge of the system (the left edge, if the wave packets arrive from the left). Of course, the mean potential slope in such a tilted lattice will eventually give rise to reflection of any incident wave packet, in the absence of the TDB; however, the respective reflection length is much larger than that induced by the TDB, hence the diode effect may plausibly remain discernible in the tilted lattice.
In Fig. 4 , the examples of the transmission and reflection are demonstrated for incident wave packets which carry relatively strong nonlinearity. Similar results for incident wave packets with the strength of the intrinsic nonlinearity weaker by a factor of 3 than in Fig. 4 are displayed in Fig. 5 . It is seen that the diode effect acts in this case too. On the other hand, the effect cannot take place for linear wave packets (ones with a very small amplitude), as, having small energies, they do not satisfy condition (15) .
Another set of characteristic examples is plotted in Fig.  6 , where, keeping fixed parameters of the defect and TDB pinned to it, we illustrate the change of the scattering scenario with the increase of energy δE of the incident wave packet. As predicted by the above analysis, at small energies, corresponding to E t < E thr2 , see Eq. (14), Figs. 6(a) and 6(b) corroborate that the wave packets cannot pass the TDB in either direction. On the other hand, the diode and tractor-beam effects act in Figs. 6(c) and 6(d), which was generated for δE complying with Eq. (15) . Lastly, Figs. 6(e) and 6(f), which corresponds to E t > E thr1 , demonstrates that left-and right-arriving wave packets easily pass the TDB. In the latter case, the "tractor-beam" effect takes place for either incidence direction.
Collecting results of the simulations for the full lattice, we conclude that δE may be used as an efficient control parameter to govern the outcome of the collision of the incident wave packet with the given TDB, in accordance with Eq. (15) . To clearly display the results, in Fig. 7 we present the reflection, transmission, and absorption coefficients, defined in terms of the energy, for the passage of the left-and right-incident wave packets through the given TDB versus δE in the long lattice (M = 101 sites), "absorption" meaning that a part of the energy of the incident wave may be spent on weak excitation of the quiescent TDB. Here, the initial conditions similar to those in Fig. 6 , with the incident excitation having A 1 = A 4 = 0.18, while its energy, δE, is adjusted by varying the value of A 2 = A 3 .The sum of the three coefficients is 1, as it must be. In region I, E t < E thr2 < E thr1 , the transmission coefficients for both the left-and rightincident waves are practically zero. In the middle region II, which corresponds to Eq. (15), only the right-incident wave passes the TDB, while the left wave is reflected, i.e., the TDB-induced diode effect takes place. The effect can be controlled by adjusting ε n−1 and ε n+1 . Finally, in region III, E thr2 < E thr1 < E t , the TDB is passable in both directions. In particular, if ε n−1 → −∞, SP1 disappears [see Fig. 8 (a) in the Appendix], and region III does not exist. In the latter case, the incident wave packets cannot pass the TDB from left to right, irrespective of δE, and the TDB tends to acts as a "full diode".
IV. CONCLUSION
We have investigated the transport of waves through the TDB in the framework of the DNLS model with the asymmetric on-site defect potential. As a result, the diodelike transport mode has been found, i.e., the unidirectional transfer of the waves across the TDB, in a finite interval of energies of the incident wave packet, while the underlying lattice itself (without the TDB placed at a desired position) cannot operate in such a regime. The underlying mechanism is accurately explained by the consideration of respective energy barriers. If the incident wave packet passes the pinned TDB, the "tractor-beam" effect takes place, with the TDB shifting by one lattice site in the incidence direction, due to its attraction to the incident pulse. The bouncing wave packet does not cause the shift, the attraction being balanced by the recoil.
In the experimental realization of the system in BEC, the defect potential can be created, respectively, as a barrier or well, by a blue-or red-detuned laser beam illuminating the BEC at a particular site [58] [59] [60] . In terms of optical waveguide arrays, the potential can be induced by altering the effective refractive index in particular cores. The results suggest a scheme for the implementation of controlled blocking, filtering, and routing of matter-wave and optical beams in guiding networks, as well as for the realization of the tractor-beam mechanism. In particular, the scheme may be useful for steering matter waves in interferometry and quantum-information processing [61] . In addition to working with the atom and optical beams, the present results may find applications in various other contexts to which the DNLS model applies. The transmission, reflection, and absorption coefficients for the passage through the stationary TDB in the long lattice (M = 101 sites) of the same incident wave packet arriving from the left and from the right, as functions of its energy, δE. The energy thresholds for the excitation coming from the left and right satisfy E thr1 > E thr2 , and → ( ) implies that the incident wave can (cannot) pass the TDB. Regions I, II, and III are defined by, respectively, Et < E thr2 , E thr2 < Et < E thr1 , and Et > E thr1 . The TDB is located, essentially, at sites 50, 51, and 52, with A50 = 0.163359, A51 = 0.972447, and A52 = 0.166316. In all the cases, λ = 3 and εn = 0, except for ε50 = −0.05.
we have found that the unidirectional passage (the diode effect) strongly depends on the total energy, E t , and the threshold energies, E thr1,2 . As shown in Fig. 7 in the main text, the TDB is impassable for the wave packets arriving from either side in the case of E t < E thr2 < E thr1 , which is defined as region I, and passable in region III, E thr2 < E thr1 < E t . On the other hand, in region II, which corresponds to E thr2 < E t < E thr1 , the incident wave passes the TDB unidirectionally (from right to left in Fig. 4 of the main text), with a high transmission coefficient. Here, we discuss limit cases in which the absolute value of ε 1 is large enough.
In the main text it has been demonstrated that the left-(right-) incident wave packet passes the TDB only when its energy exceeds E thr1 (E thr2 ). That is, the TDB creates different potential barriers E thr1 and E thr2 for the same wave packet arriving from the different directions. The effect of coefficients ε n , that determine the local defect, on the Hamiltonian, considered as a function of A 1 and A 3 , is shown in Figs. 2(a) and 2(c) in the main text. When ε 3 = 0 and ε 1 = −0.7, the discrete soliton is a TDB, with E thr1 > E thr2 . In this case, although it is harder for the wave packet to pass the TDB from left to right, it still can do that at E t > E thr1 . However, when ε 1 is negative, and its absolute is large, the energy at saddle point SP1 is much higher than at SP2, i.e., E thr1 ≫ E thr2 , as shown in Fig. 8(b) . In particular, when |ε 1 | is large enough, SP1 disappears, and value E thr1 cannot be reached, as shown in Fig. 8(a) (cf. the consideration of the trimer system in Ref. [50] ). Effectively, in the latter case, the TDB is an infinitely high potential barrier for the wave packet arriving from the left. Hence, irrespective of the magnitude of E t , the wave packet cannot pass the TDB from left to right. (as long as the norm of the scattering wave is not too large compared to the norm of the scattering TDB). On the other hand, when ε 1 is positive and large enough, SP1 and DB disappear. Accordingly, thresholds E thr1,2 lose their meaning, as shown in Figs. 8(c) and 8(d) . Note that the transfer of the wave packet through the TDB from right to left can be controlled by means of potential parameter ε 3 . 
